4.2. Phwong trinh vi phan cap 2
4.2.1. Dinh nghia, khdi niém

Pinh nghia 4.2: Phuong trinh vi phan cép 2 1a phuong trinh ¢6 dang
Floyy'y”)=0 (4.14)

=f(x.y.y") (4.15)

hay dang

a) Diéu kién ton tai nghiém

Dinh ly 4.1. Néu ham f(x,y,y’) lién tuc trong mién nao dé chira diém
(Xo,Yo,v o) thi ton tai 1 nghiém y = y(X) cua phwong trinh (4.14), nghlem ay va dao
ham cta né 14y tai X = Xo nhiing gid tri cho trudce y(Xo) = Yo, ¥ '(Xo) = o (cac diéu
kién nay goi la cac diéu kién dau (hay diéu kién Cauchy), ky hiéu: Ylx=x0= Yo, ¥’|x

—xo= Y0, néu thém diéu kién 2—;,;—; lién tuc thi nghiém 4y 1a duy nhat.

b) Cac khai niém khac

Nghiém tong quét ctia phuong trinh (4.14) la moi ham y = ¢(X;C4;C,) thoa
man phuong trinh trén voi Cy, C; 1a cdc hang s6 tuy y. Khi ta gan cho C, va C;
nhiing gia tri cu thé ta s€ c6 nghiém riéng (4.14).

Néu giai (4.14) hay (4.15) chi dugc ¢(X;y;C1;C2) = 0 thi phuong trinh nay
duoc goi la tich phén tong quat cua (4.14) hay (4.15) va khi ta gan cho C; va C,
nhiing gia tri cu thé ta s cod tich phan riéng (4.14) hay tich phan riéng (4.15).

Chay:

Péi voi phuong trinh vi phan ¢6 cap cao hon, cac dinh nghia, dinh 1y ciing
dugc phat bi€u tuong tu.

4.2.2. Phuwong phap gidai

a) Phwong trinh khuyét

Xét phuong trinh vi phan dang (4.15), ta ¢6 cac dang sau:

1) V& phai (4.15) khong chira y, y’, tltc ¢6 dang sau

y” = f(x) (4.16)

Cch giai: o 7

Lay tich phan 2 vé 2 lan lién tuc ta s€ c6 nghiém tong quat cua (4.15).

Vi du 4.8. Giai phuong trinh y” = cos2x, thoa Yo=Yy’ o =1
>y’ == sin2x + C;, v6i y’(0)=1, ta c6 Ci=1, vay y' = = sin2x + 1.
>y = —icost + x + C,, vai y(0)=1, ta cd C,=1/4, vay nghiém riéng cua
phuong trinh vi phan y = — % cos2x + x + i.

i) V& phai (4.14) khong chua y, tirc c6 dang sau

y” =1(x;y") (4.17)
Cach giai:



bat p=y’(x)suyray” =p’thay vao (4.16) duogc phuong trinh p’ = f{x;p)
la dang phuong trlnh da biét giai Gia su giai ra du:0’c nghiem tong quatla p = y’

e 9 e

Vi phan da cho.

Glal
n__ J’_’ _ _ —
Y = x(x—1)=0.
batp =y’(x)suyray” =p’, ta cd phuong trinh p’ — ﬁ =x(x —1).
iii) V& phai (4.15) khong chira X, tirc c6 dang sau
y"=1yy™) (4.18)
Cich giai:

Pit y’ = p(y) suy ra y" ZZ Zz Zz Z—Z, thay thé vao (4.18) duoc

phuong trinh p — = f(y,p) c6ham chuabiét1a p, bién doc lap 1a y va 1a phuong
trlnh Vi phan da blet g1a1 Gla su giai du’oc nghlem tong quat la p= go(y Cy=y’

PEP .

Vidu 4.10:
Giai phuong trinh vi phan (y’)? + 2yy” = 0.
Giai:
Dit y’=p, suy ra y’=p’, phuorng trinh trén trd thanh p? + 2yp Z—Z =0
_ p
<:>p(p+2y ) 0@[ dp=0 @[pdy+2ydp=0

p_O = =

S = —2? Iny = —=2Ilnp p =—2Inp
b) Phwong trinh tuyén tinh
Dang phuong trinh
y” +p(X)y” +q(x)y =f(x) (4.17)
hay dang
y”+p(X)y’ +a(x)y =0 (4.18)

trong do p(x), q(x) 1a cac ham cua bién doc lap x.

Phuong trinh (4.17) goi 1a phuong trinh vi phan tuyén tinh khong thuan
nhat, phuong trinh (4.18) goi 1a phuong trinh vi phan tuyén tinh thuan nhat twong
ung cua (4.17).

Khi p, q 13 cac hang s6 thi cac phuong trinh vi phén (4.17), (4.18) goi 1a
cac phuong trinh vi phan tuyén tinh hé sb hang hay hé sé khong d6i.

Mot ) dinh ly co ban
Pinh 1y 4.2. Néu y = y1(X), y = Y2(X) 1a 2 nghiém cua (4.18) thi



y = Cayi1(X) + Caya(X) v6i C1, Cs 1a cac hing s tuy ¥, ciling 13 nghiém cua (4.18).

Cha y: Hai ham ya(X), Yy2(X) goi 1a déc ldp tuyén tinh néu ty sd ylE ; khac
Y2

hang sb, trai lai ta c6 2 ham phu thudc tuyén tinh.

Pinh ly 4.3. Néu di biét 1 nghiém riéng Yi(x) cua (4.18), ta co thé tim 1 nghiém
riéng ya(X) ctia (4.18), doc 1ap tuyén tinh voi y1(X), bang cach dit ya(X) = u(x).ya(x)

Pinh Iy 4.4. (Vé nguyén Iy chong chat nghiém):

Cho phuong trinh vi phan khong thuan nhét

y”+p()y” +a(x)y = fa(x) +f2(x) (*)
Néu vyi(x) la 1 nghiém riéng cua phuong trinh vi phan
Y +Hp(X)Y +q(X)y=Ff1(x), va néu y»(x) 13 1 nghiém riéng cua phuwong trinh vi phan

Y Hp(X)y +q(X)y=f2(x) thi y =y1(X) + y2(x) 1a 1 nghiém riéng cua (*).

Chuy: Binh 1y 4.4 van dung khi v€ phai cua phuong trinh vi phan (*) la
téng cua 1 s6 hitu han ham.

Dinh Iy 4.5:

NTQ cua (4.17) = NTQ cua (4.18) + 1 NR cua (4.17).

Phuwong phap gidi phwong trinh vi phan

y” +p()y” +q(x)y =1(x) (4.17)
(Phwong phdp bién thién hang sé Lagrange)

Xét phuong trinh (4.18), gia sir d4 biét nghiém tong quat ciia phuong trinh

la
-y = Caya(x) + Caya(x). (%)

Ta di tim nghiém tong quat cua (4.17) ¢ dang (*) v6i Cq, C; 1a cac ham cua

X dugc xac dinh tir hé phuong trinh
{ C'1(0)y1(x) + €2 (xX)y,(x) = ()
C'1(0)y" () + C2(x0)y", (%) = f(x)

Giai hé (**), gia st ta tim dugc C’1 = @1(x), C’2 = @2(X) suy ra
C = I(pl(X)dX +K;vaC,= ,[([)z(X)dX + K.

Vay nghiém tong quat ctia phuong trinh vi phan (4.17) Ia

y = Kaya(X) + Kaya(X) + y1(x) Jpa(x)dx + ya(x) Jga(x)dx

trong do Ki, K; 1a 2 hang s6 tuy y.

Cht y: Khong 1am mat tinh tong quat, ta c6 thé viét nghiém tong quat
ctia phuong trinh vi phan (4.17) ¢ dang:

y = Cay1(X) + Caya(X) + Y1(X) Jor(X)dx + yo(x) [oa(x)dx

trong d6 Cy, C; 1a 2 hang s6 tuy y.

Vi du 4.11: Giai phuong trinh vi phan y” -y’ = e,

Giai:

Giai phuong trinh y” - y’ =0, dat p=y’ ta c6 p’=y” vay
vy =y =O@p’—sz@%:p:lnpzecxzp=C.eX.Vip:y’nén
y’=C.¢*, suy ra nghiém tong quat cia phuong trinh thuan nhat y=C,e*+C,.



Tim nghiém riéng cua phuong trinh khong thuan nhat dang Y=C1(x)e*+Cx(X), ta
co
C'i(x)e*+C',(x)=0
{ C'1(x)e* =e®*
vay Ci(x)=e*, Ca(X)=— % e~%*_Ta c6 nghiém riéng ctia phuong trinh khong thuan
nhit 13 Y=e?*— % e~%* nén nghiém tong quat ctia phuong trinh khong thuan nhat
la: y= y=C1e*+Cy+ e>*— % e 2%,
4.234. Phwong trinh vi phan tuyén tinh cép 2 hé sé hang
a) Phwong trinh thudn nhat
Xét phuong trinh vi phan
o Yty tay=0 (4.19)
trong do p, g 1a 2 hang so6.
Tir phuong trinh (4.19) ta viét dugc phuong trinh
k?+pk+q=0 (4.20)
goi la phuong trinh dac trung ctia phuong trinh (4.19).
Gia st phuong trinh dac trung (4.20) c6 2 nghiém la k; va ko. Khi do6, ta
Xet cac truong hop sau:
Truong hep 1: Néu ki, koe R va ky = k, thi nghiém tong quéat caa (4.19)
co dang y = C,ef1* + C,ek2*,
trong d6 C1, C; 1a 2 hing sb tuy .
Vi du 4.12: Giai phuong trinh y** — 3y’ +2y =0.
Phuong trinh ddc trung k?-3k+2=0 c6 hai nghiém k;=1; k,=2, nghiém tong
quat ctia phuong trinh vi phan 1a y=C,e*+C,e%.
Truong hop 2: Néu ki=k; = keR thi nghiém tong quat cta (4.19) c6
dang
y=(C, + CzX)ekX,
trong d6 C1, C; 1a 2 hing sb tuy .
Vi du 4.13: Giai phuong trinh y’’ — 2y’ +y =0.
Phuong trinh dic trung k*-4k+4=0 c6 hai nghiém ki=k,=2, nghiém tong
quat ctia phuong trinh vi phan 1a y=C,e>+xC,e?,
Truong hop 3: Néu ki = o + ip (tic K, ko 1a 2 nghiém phirc ctia phuong
trinh (4.20)) thi nghiém tong quat cua (4.19) c6 dang
y = e®(Cycospx + CzsinPx),
trong d6 C1, C; 1a 2 hing s tuy .
Vi du 4.14: Giai phuong trinh y>” +2y’ +10y =0.
Phuong trinh dic trung k?+2k+10=0 c6 hai nghiém k;=-1+3i, k,=-1-3i,
nghiém tong quat cua phuong trinh vi phan 14 y=e*(C1c053%+C,Sin3x).
Vi du 4.15:
Gia st mot vat M dugc dat trén 16 xo dan hdi. Chon truc Oy théng dung
c6 chiéu duoc chon tir trén xudng dudi va gbc toa do O dit o trong tim cua



vat. Goiy 1a do doi tinh tir vi tri can bang, gia sir rang luc kéo vat ve vi tri can
bang ty 1€ véi d doi, nghia 1a bang -yy (k: hé s6 dan hoi cua 10 xo, y>0) con
luc can ¢6 chiéu nguoc lai voi chiéu chuyén dong va ty 1€ vadi van tée cua vat,

nghia 13 bang -Av= —/1(;—{ (A>0). Hay khao sat qui luat chuyén dong cua vat.

Giai:
Theo dinh luat Newton, phuong trinh chuyén dong cua vat trén 10 xo la
d’y dy
M=—2=—yy—1—
A

day la phuong trinh vi phan dang gi? Phuong trinh trén tuong duong vdi phuong
trinh vi phan
" ﬂ' ' ]/ *
Zy+Loy=0
SO
chinh 1a phuong trinh tuyén tinh thuan nhat h¢ s6 hang.

2
Phuong trinh dac trung k? FECH ) : A:(ij —4L=i2(;t2 —4yM);
M M M M M

1) Néu A% —4yM >0, phuong trinh dac trung c6 hai nghiém

A A2 —4M
K,=—7>—= <0;

T 2M 2M

nghiém tong quat ctia phuong trinh (*) 1a y=Cge

kit kot

+C,e
2) Néu A% —4yM =0, phuong trinh dic trung c6 nghiém kép k = —ﬁ <0; nghiém

tong quéat cia phuong trinh (*) 13 y =C,e* +1C,e" =(C, +1C, )e*'
3) Néu 4% -4yM <0, phuong trinh dic trung c6 nghiém phirc ki, =axif, voi
y) J—(A2—4yM)

a=—c- p = o nghiém tong quat cia phuong trinh (*) 1a
y =e“(C,cospt +C,sin ft)= 1/C12+C22e“t(L Lsinﬂt)
\JC>+C} JCZ+C)?

= Ae”(sin ¢,cos Bt +cosg, sin At) = Ae™ sin( Bt +¢, ).

Nhan xét:

1) Khong c6 dao dong va y—0 khi t—co.

2) Khong ¢6 dao dong va y—0 khi t—o0, nhung cham hon truong hop (i)
vi c0 thira s6 C1+Cot.

3) Truong hop nay c6 dao dong, bién do la Ae Vi a<0 nén bién do dan vé
0 khi t—o0 nén day la dao dong tat dan.

Khi chung ta nghlen ciru cac ndi dung Iy thuyét mach, cac mon hoc k§
thuét co s¢ ¢6 khai niém “dap wng”, dap mg & day chinh 1a nghiém cua phu’o*ng
trinh vi phan. Véi cac diéu kién trong mot mach nao d6 dua ra, tim dap Ung tuc
1a gidi phuong trinh vi phan tim nghlem “dap tmg” cac diéu kién d6. Cai hay o
day la nghlem cua phuong trinh vi phén s€ chi ra dang song ma “dap tng” dugc
cac yéu cau bai toan. Quan sat bang tong hop sau:

cost +



Truong) Nghiém A (R . , Tinh chat
hop PTPT Nghi¢ém tong quat Dang song cita y
2 nahicm FHV_\ Tét dan,
. — (. pkit k2t 5
1 thue, am y=C,e“"+ Coe khorlg dao
dong
phtrc lién h Nononn Dao done tit
2 hop y =e“(C,cos Bt+C,sin ) ‘ U U TRY t ao gng a
. dan
o+if
n
Tat dan t6i
. —(C. pkt kt
3 | kép thuc y=C,ek+ tCye V\ han
A V\ Dao dong,
4 | Hen |y, c0s pt+C,sin AN bién do khong
op TV déi
b) Phwong trinh tuyén tinh khong thudn nhat hé sé hang
vty tay=fx) (4.2)

Qui trinh gidi phwong trinh (4.21)

Buéc 1: Tim nghiém tong quét y ciia phuong trinh thuan nhat.
Buwéc 2: Tim nghiém riéng Y cua phuong trinh khong thuan nhat.

Buwéc 3: Két luan, nghiém tong quat ciia phuong trinh khong thuan nhat

la y*=y+Y.

“Tuy nhién dé giai mot phuong trinh vi phan tuyén tinh cap hai hé s6 hang
v6i vé phai 1a mot ham bat ky 1a diéu khong dé dang, nén ¢ day ching ta chi xét

phuong trinh tuyén tinh khong thuan nhét véi vé phai c¢6 cac dang sau:

Dang 1: f(x) = e®*Py(X)
- oo khong 1a nghiém cua phuong trinh dac trung, ta tim ghiém riéng ctua
(4.21) dang Y=£%%Qp(X), Qn(x) 12 da thirc bac n.
- o la nghiém don cua phuong trinh dac trung, ta tim nghiém riéng cua
(4.20) dang Y=xe ®*Qp(X).
- o 1a nghiém kép cua phuong trinh dic trung, ta tim nghiém riéng cua
(4.20) dang Y=x2e2*Qp(X).

Tinh cac dao ham cap 1, cap 2 va thay vao phuong trinh (4.21), dung
phuong phap dong nhat thirc dé tim cac hé so cia da thirc Qn(X).

Vi du 4.16:

Giai phuong trinh y*” +2y’ +y =X.

Giai:




Bwéc 1: Giai phuong trinh thudn nhét y** +2y° +y =0.

Phuong trinh dic trung k%+2k+1=0, c6 nghiém kép k= -1, nghiém téng quat
ctia phuong trinh thudn nhat y=Cie*+xCoe™.

Budc 2: Tim nghiém riéng cuia phuong trinh khong thuan nhat y”’ +2y” +y
=X.

Vi vé phai c6 dang e™Pn(x)= e®X, 0 khong phai 1 nghiém ctia phuong trinh
dac trung nén nghiém riéng c6 dang Y= e%(Ax+B), Y’=A, Y>’=0; thay vao phuong
trinh khong thuan nhit ta c6 0+2A+Ax+B=x, suy ra A=1, B=-2. Vay nghiém riéng
ctia phuong trinh khong thuan nhit 13 Y=x-2.

Budce 3: Két luan

Nghiém tong quat ciia phuong trinh khong thun nhat 13

y*= C1e7+xCoe™+x-2.

Dang 2: Vé phai f(x) = e [P(X)cosdx +Pp(X)sindx]

- o = 10 khong 1a nghiém cta phuong trinh dac trung, nghiém riéng cta
(4.21) c6 dang

Y =X [Q)(x)cosdx +R(X)sindx] , véi | = max(m,n).

- o = i0 1a nghiém ctia phuong trinh dac trung, nghiém riéng cua (4.21) cé

dang
Y =xe®X [Qj(X)cosdx +R|(X)sindx] , voi | = max(m,n).

Vidy 4.17: Giai phuong trinh: y*’-3y’ +2y =e cosx.

Buée 1: Giai phuong trinh thuan nhét y*” +2y” +y =0, c6 nghiém tong quat
y:C16X+C262X . )

Budc 2: Tim nghi¢ém riéng cua phuong trinh khong thuan nhat
y’’-3y +2y=e>.cosx.

Vi vé phdi c6 dang e®X [P (x)cosdx +Ppy(X)sindx], véi a=3, B=1 nén o+if
khong phai 1a nghi¢m ctuia phuong trinh dac trung nén nghiém riéng cé dang
Y= e**(Acosx+Bsinx),
Y =3e**(Acosx+Bsinx)+ e¥*(-Asinx+Bcosx)= e3*((3A+B)cosx+(B-A)sinx),
Y>’=3 &**((3A+B)cosx+(B-A)sinx)+ e*(-(3A+B)sinx+(B-A)cosx)

=e3((8A+4B)cosx+(2B-6A)sinx)) ‘ ,

Thay Y, Y’, Y’ vao phuong trinh khong thuan nhat, dung phuong phap
dong nhat thire tim cac gia tri A, B.

Buéec 3: Két luan ‘ ’

Nghiém tong quat cua phuong trinh khong thuan nhat la...

Bai tap: Nguoi doc gidi quyét phan con lai cua vi du trén.

Chay:

Pbi v6i phuong trinh vi phan tuyén tinh thuan nhat c6 cap cao hon 2 thi
phuong phép giai cling tuong tu vo1 phuong phap da trinh bay ¢ trén.

TOM TAT NQI DUNG



1. Phwong trinh vi phéan cép 1

- Phwong trinh bién phan ly

Dang phuong trinh f1(X)dx + f(y)dy =0,

tich phan tong quat: [fo(y)dy = -Jf;(x)dx + C.

- Phuong trinh dang cap

Dang phuong trinh y’ = f(x,»).

Céch giai: dat y=ux = % =u+x Z—z = ¢(u), dua vé phuong trinh bién
phan ly.

- Phuong trinh tuyén tinh
Dang phuong trinh
y oy =q)
Cach giai: , ‘ ’
+ Tim nghiém cua phuong trinh vi phan tuyén tinh thuin nhat

y = C.e Iptoix
+Tu pghiém trén, dat C = C(x), lay dao ham thay vao phuong trinh
khong thuan nhat tinh dugc
7 C = Jq(x)eP®xdx + k.
Nghiém tong quat ctia phuong trinh la:
y = e Pedx [fg(x)elP®dxdy + k], k 1a hing s6 tuy .
- Phuong trinh Bernoully
Dang phuong trinh y’+p(x)y = q(x).y
bit z=y*suyraz’ =(1-a)y®y’, do dd co6 phuong trinh
2>+ (1 - a)p(X)z = (1 - 2)q(x) 1a phuong trinh d3 biét giai.
- Phuong trinh vi phan toan phan
Dang phuong trinh P(x,y)dx+Q(x,y)dy = 0, véi diéu kién
0Q OJP
ox ~ ay
voi moi (x,y) € D.
Tich phan tong quat f;: P(x,y)dx + [ ;; Q(xo,y)dy = C,
hay
x y
| Peoydx+ [ @aydy=c.

X0 Yo

2. Phwong trinh vi phan cap
- Phuong trinh vi phan tuyén tinh cap 2 thuan nhat
y?+pM)y” +a()y =0 (*)



+ Néu biét y1(X)# 0 13 nghiém cua (*) thi c6 thé tim nghiém ya(X) cta
n6 doc lap tuyén tinh véi yi(x) dang
Y2 (x) = y1(x) j- v, (x)2

Chu y: Trong tich phan trén hang sb cong cia tich phan bat dinh luon lay bang
0.

e_fp(x)dx

- Phuong trinh vi phan tuyén tinh cdp 2 khong thuan nhat

¥+ Py’ + a0y =) (%)

+ Phuong phap bién thién hang s6 Lagrange:
Tim dugc nghiém ciia phuong trinh thuan nhét
Y =Cuya(x) + Caya(x) (1)

Ta di tim nghi€m tong quat cua (**) ¢ dang (1) vdi Cy, Cy 1a cac ham cua

X dugc xac dinh tir hé phuong trinh
{C{yl +Cy, =0
Ciy's +Gy'2 =f(x)
Giai hé trén, gia st ta tim duoc C’1 = @1(X), C’2 = @2(X) suy ra
C. = ,[(pl(X)dX +KivaC,= I(pz(X)dX + Ko.
Vay nghiém tong quat clia phuong trinh (¥*) 1a
y = Kay1(X) + Kaya(X) + y1(x) o1 (x)dx + ya(x) [o2(x)dx
trong do6 Ky, Kz 1a 2 hang s6 tuy y.
Phwong trinh vi phan tuyén tinh cap 2 hé s6 hing
- Phuong trinh thuan nhat y” + py’ + gy = 0, trong d6 p, q 1a 2 hang sé.
+ Phuong phap giai
Giai phuong trinh ddc trung
k? +pk +q=0.

Gia stir phuong trinh dac trung ¢6 2 nghiém Ia k; va ko. Khi d6, ta xét cac
truong hop sau:

Truong hop 1: Néu ki, koe R va k; # K, thi nghiém tong quat c6 dang

y = C1e¥™ + C,e*% trong d6 Cy, C, 1a 2 hing s6 tuy .

Truwong hop 2: Néu ki=k, = keR thi nghiém tong quat c6 dang

y = (C1 + Cox)eX,

trong d6 C1, C; 13 2 hing sb tuy .

Trudong hop 3: Néu ki, = o + if (tic kg, k 13 2 nghiém phirc) thi nghiém
tong quat c6 dang y = e?(C1cosfx + C,sinpx), trong d6 Ci, C, 1a 2 hang sd tuy
y.

- Phuong trinh tuyén tinh khong thuan nhat hé s6 hang

y'tpy gy =)

Nghiém tong quat cua phuong trinh khong thuan nhat bang tong cua
nghiém tong quat cua phuong trinh thuan nhat cong v4i mot nghiém riéng cia
phuong trinh khong thuan nhat.



Dang: f(X) = e*Pp(x)
+ o khong 1a nghi€ém cta phuong trinh dac trung, ta tim nghiém riéng
ctia dang Y=e*Qp(X), Qn(x) 1a da thirc cuing cap voi Pn(x).
+ o 12 nghiém don ctua phuong trinh dac trung, ta tim nghiém riéng
dang Y=xe**Qp(x).
+ o la nghiém kép cua phuong trinh ddc trung, ta tim nghiém riéng
dang Y=x2 eXQn ().

HUONG DAN ON TAP

1. Phwong trinh vi phan cap 1

Vé kién thirc

- Trinh bay duoc khai niém phuong trinh vi phan, cip ctia phuong trinh vi
phéan, nghiém phuong trinh vi phan.

- G1ai thich dugc ¥ nghia nghiém phuong trinh vi phan trong céac bai toan ky
thuat.

Veé ky ning

- Nhén biét duoc cac phuong trinh vi phéan cap 1. ‘

- Giai dugce cac phuong trinh: khuyét, bién phan ly, thuan nhat, tuyén tinh,
phuong trinh Bernoully.

2. Phwong trinh vi phén cap 2

Vé kién thire

- Trinh bay duoc khai niém phuong trinh vi phan cap 2.

- Giai thich dugc y nghia nghiém phuong trinh vi phan trong cac bai toan ky thuat.

Vé ky ning

- Giai dugc cac phuong trinh: khuyét, tuyén tinh hé s6 hang vé phai dang
e™P(x), voi deg(P(x)) < 2.

BAI TAP

4.1. Giai cac phuong trinh vi phan sau:
a) y’ + sin(X +y) =sin(x - y)
b) (1 + x)ydx + (1 -y)xdy =0
C) (¢ -yx¥)y’ +y* +xy?=0

4.2. Giai cac phuong trinh vi phan sau:



a) y’ + 2xy = xe™*

b) y’ - 2= = (1 +x)*, diéu kién y(0) = 0
c) (L +x3)y’-2xy = (1 + X%
d) y’ - 4xy = 2x, diéu kién y(0) = 1
4.3. Giai cac phuong trinh vi phan
a)y’ +xy =x%3 b)y’+£ = x2y*
4.4, Tim 1 nghiém riéng ctua cac phuong trinh vi phan sau:
a)y’+y +y=1
b)y” +y’-2y=xe
CQy”-2y +ty=eé
4.5. Tim 1 nghiém riéng cua cac phuong trinh vi phan sau:
a)y” +y = e*cosx
b) y” +y = xsinX
4.6. Giai cac phuong trinh vi phan
a)y”-xe*=0 b)xy” -y’ =x?
4.7. Giai cac phuong trinh vi phan
a)4y” -20y’ + 25y =0
b)y”-4y’ =0
c)y” + 5y’ + 6y = 0, thoa diéu kién y(0) = 7, y’(0) =0
4.8. Giai cac phuong trinh vi phan
a)y” + 9y = 6>
b)y” -3y =2-6x
C)y”-7y’ +6y=x
d)y”+ 2y +y=4e”
e)y” -4y’ + 3y =e*
4.9. Cac phuong trinh sau, phuong trinh ndo 13 phwong trinh tuyén tinh
a) y’+(xty)y +3y=e*
b) y " +yy +y=3x+2
C) (2x+5)y "+ 3xy -(4x+3)y=3x+C0SX
d) 2x+y)y’ +3xy =sinx
4.10. Phuong trinh ndo 13 phwong trinh tuyén tinh cap 2 hé s6 hing

a) y’+xy’-3y=9 b) 4y’’-8y=0

C)y +xy-2y=1 d)y =xy’
4.11. Giai cac phuong trinh sau

a) y’+5y’+4y=0 b)y’’-3y’+2y=0

C) y"'+y +9y=0 d)y+3y"+2y=0
4.12.Giai cac phuong trinh khong thun nhét sau

a) y+3y +2y=e¥(2x+1) b) y '’ +3y "+ 2y=e?(2x%+1)

C) y " '+3y +2y=e*(cosx+2sinx) d)

4.y "+4y +3y=e¥(xcossx+2xsinx). ’
4.13. Giai cac phuong trinh khong thuan nhat sau
a) y -2xy=(x+2)y’ b) y-2x*y=(3x-1)y’



4.14. Giai cac phuong trinh khong thuin nhét sau

a) y -5y +4y=e> b) y -5y +4y=e*™cosx
) y +5y +dy=e¢ ¥ d) y’+4y’ +3y=(x+1)e™
e) y’+2y’+10y=cos2x f) y’+3y’-dy=e>*+1
g) y-2y ty=xe* h) y -4y’ +3y=xe*+e™
1) y’+4y’+3y=xe* J) y -4y +3y=¢™

4.15. Giai cac phuong trinh khong thuan nhat sau
a) y’-2xy=(3x-1)y* b) y’-2xy=(2x-1)y*
C) y’+3xy=2x d) y’- y=xsin2x

4.16. Cho mach dién nhu hinh v€, mach dat trang thai thuong truc ¢ t=0. Xac
dinh i khi t>0.

24Q)

—/0.2F SQ%
1H é

50V g

Tt=0

Hinh 4.1

Giai:

Khi t=0, khoa K md, ta c6 mach khong chira ludng ngoai va di tich trir
nang luong ban dau. Pap tng chinh 13 dap ung ty nhién. Mach tuong duong &
t>0 tr¢ thanh mach (Hinh 4.2) va dugc v€ lai ¢ (Hinh 4.3), trong d6 nhom dién
tré ctia mach twong duong mot dién tré duy nhat =10QQ.

240
6Q 60 20
- - |
——0.2F 1H
Hinh 4.2
100 l'
—0.2F 1H
Hinh 4.3
Phuong trinh mach di¢n
d2i+10di+50'—0 1
dt2 = dt L= (1)



Phuong trinh dac trung va nghiém
k?+10k+50=0
c6 nghiém k;=-5-5j, ko=-5+5j (j & ddy la don vi 4o cua sb phirc), ta co
i(t)=e'(Acos5t+Bsin5t)
Xac dinh A va B
Mach tuong duong tai t=0, dugc v€ lai & hinh 4.4,

24Q

il(o-)l

Hinh 4.4
Ri=3Q+(60Q.30Q2)/(6Q2+30Q2)+2Q=10Q
1(0)=50V/R=5(A).

Tur két qua (3) cho ta
1(0+)=i(0-)=5, suy ra A=5, ta lai co6 v¢(0-)=50-3i(0-)-6i(0-).
TI’OIlg do 11(0 —) = l(O —)ﬁ = 5% = EA
V¢(0-)=50V-3Q.5A-6Q(5/6 A)=30V
Tai t=07,
v:(0 +) = = (0%) + 10i(0*)
di
dt
di
Tu (5) va (6) cho ta
-5A+5B+10.5=30
thay A=5 vao (7) ta dugc B=1. Tom lai
i(t)=e>(5cos5t+sin5t).

—5e~5t(Acos5t + Bsin5t) + e >t (—=5A4sin5t + 5Bcos5t)

(2)
(3)

(4)
()

(6)

(7)



